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ABSTRACT: Activity of the analytic element method research program for ground
water flow modeling was investigated through the publication record from 1980 to 2003.
Citation information was obtained from SCI Journal Citation Reports and the Web
of Science databases maintained by the Institute for Scientific Information (ISI), and
total publications by year are presented in a histogram, showing an increasing trend.
A classification of ground water flow publications by numerical solution technique to
date is shown in a pie chart: finite elements (55%), finite differences (37%), boundary
elements (5%), and analytic elements (3%). In addition, a scientific genealogy was
researched and a “family tree” drafted, starting with analytic element founder Profes-
sor Otto D.L. Strack of the University of Minnesota. It is concluded that that while
the analytic element method is still a young and small research program, it is still in
a progressive phase.
KEY WORDS: analytic element method, research program, historical analysis, cita-
tion record
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1 Introduction

It is interesting to assess the development of scientific and technical research
programs in the perspective of the Hungarian philosopher of science Irme
Lakatos. A research program is recognized by its hard core (e.g., assump-
tions, methods, acceptance criteria) and protective belt. The strength of a
research program is the extent to which it leads to natural predictions or solv-
ing new problems. A research program can be in a progressive phase, or in a
degenerating phase.

The analyic element method (AEM) is a computational method based on
the superposition of analytic expressions to represent any three-dimensional or
two-dimensional vector field. For the purposes of this paper, the discussion will
be restricted to the application of the AEM to regional groundwater flow mod-
eling. The emergence of the AEM is relatively recent in comparison to more
mature methods, such as finite differences (first journal reference 1969) and
finite elements (first journal reference 1971). AEM is closely related to bound-
ary elements (first journal reference 1981). It is difficult to assign the definitive
first publication of the analytic element method. However, it is universally
recognized that Professor Otto D.L. Strack of the University of Minnesota was
the inventor. For a historical perspective on the emergence of the AEM, the
reader is guided to the autobiography sketch by Dr. Strack [Strack,2003a].

The essentials of the theory began to come together in a series of journal ar-
ticles [Strack,Haitjema,1981a], [Strack,Haitjema,1981b], [Strack,1982],[Strack,1984],
[Haitjema,1985], [Strack,1985], [Haitjema,1987a], [Haitjema,Kraemer,1988], re-
ports [Strack et al.,1980], [Strack,1982b], [Haitjema,Strack,1985], and theses
[Haitjema,1982], [Curtis,1984], [Fitts,1985], [He,1987], [Zaadnoordijk,1988]. A
definitive and comprehensive publication was the book Groundwater Mechanics
by Strack [1989b].

A formal and mathematical definition of the hard core of the AEM in its
current form is available [Strack,2003b]. In layman’s terms, and in order to be
recognized as part of the AEM research program as presented in this paper,
the technique must be based on the superposition of closed-form analytic func-
tions in an infinite domain, with these functions representing some expected
hydrologic (ground water) performance, either in two dimensions (Dupuit as-
sumption) or three dimensions, with internal or external boundary conditions
being met approximately at control points, maintaining water balance and con-
tinuity of flow, and showing lineage to Strack either through a direct or indirect
education pathway or through citation/nomenclature.

It has been observed at a past conference that the AEM is considered a
“cult” by outsiders based on the passion of its participants. This is further
evidence that the AEM is a Lakatosian research program. Is this passion being
translated into a progressive research program? Or are the adherents clinging to
a degenerating program? An examination of the publication record does reveal
that while the AEM has a small part of the groundwater modeling market
share, the total number of annual publications continues to rise, indicating the
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this young research program is still progressive.

2 Methods

Citation information was obtained from SCI Journal Citation Reports and the
Web of Science databases maintained by the Institute for Scientific Information
(ISI), and from the Proceedings from each of the International Conferences on
the analytic element method: (Indianapolis,IN, USA 1994), (Nunspeet, The
Netherlands, 1997), (Brainerd, MN, USA, 2000).

In order to compare the publications related to the numerical modeling
technique, the IBI database was searched with a strict Boolean requirement.
For example, the search might look like “analytic element AND (groundwater
OR ground water OR ground-water)”.

All other information was supplied through a collection of individual re-
searchers curriculum vitae or from public web pages.

3 Results

The Top Ten analytic element publications are listed in Table 1 based on the
number of ISI Web of Science citations as of March 2003. The two most cited
works are the books, Strack’s Groundwater Mechanics, and Haitjema’s An-
alytic Element Modeling of Groundwater Flow.

The number of annual analytic element method publications is showing a
increasing trend over the period 1980-2003, as shown in Figure 1. The publi-
cations include articles, reports, proceedings, and master theses and doctoral
dissertations. The spikes in the histogram correspond to additional publications
from the proceedings of the international conferences on the AEM: Indianapo-
lis (1994), Nunspeet (1997), Brainerd (2000). The 2003 year is a partial total
through September. A comprehensive AEM bibliography is presented at the
end of this paper.

The total ground water modeling publications through March 2003 from the
IBI database classified by numerical modeling technique are shown in Figure
2. The pie chart shows that finite element publications account for around
55%, while finite difference publications account for about 37%, and boundary
element around 5% and analytic element around 3%.

The publicly available ground water flow solvers are shown in Table 2. Pubic
domain software gives the model user complete freedom to change, modify, or
copy the source code. Open source software may place some restrictions on
the source code. And freeware does not have any cost but the source code is
usually not available.

It is interesting to visualize the genealogy of the analytic element research
program as a family tree, starting with the inventor, Professor Otto Strack
(Figure 3.
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Table 1: Top Ten analytic element publications based on the citation record.

Citation ISI times cited Description
as of March 2003

[Strack, 1989b] 130 Groundwater Mechanics
[Haitjema, 1995a] 27 Analytic Element Modeling

of Groundwater Flow
[Haitjema, 1985] 26 Modeling 3D flow in confined

aquifers
[Strack, 1984] 21 3D streamlines in DF models
[Strack,Haitjema,1981b] 21 Modeling double aquifer flow

using distributed singularities 2.
[Strack,Haitjema,1981a] 16 Modeling double aquifer flow

using distributed singularities 1.
[Haitjema,Kraemer,1988] 14 Analytic function for modeling

partially penetrating wells
[de Lange,1991] 13 A groundwater model of

The Netherlands
[Bakker,Strack,1996] 12 Capture zone delineation in 2D

groundwater flow models
[Haitjema,1987a] 11 Comparing 3D and DF solution

to a circular recharge area
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Figure 1: Analytic element publications versus time 1981-2003. Note the years
associated with an international conference and the proceedings: Indianapolis
(1994), Nunspeet (1997), Brainerd (2000).
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Figure 2: Total ground-water modeling publications from IBI database as of
March 2003 classified by numerical modeling technique: finite element method
(FEM), finite difference method (FDM), boundary element method (BEM),
and analytic element method (AEM).
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Table 2: Publicly available ground water flow solvers.

Software Name Solution method License

WhAEM2000/GFLOW analytic element open source
www.epa.gov/athens/software/whaem/index.html
TimSL/TimML analytic element open source
www.engr.uga.edu/∼mbakker/tim.html
MODAEM analytic element open source
modaem.sourceforge.net/
SPLIT analytic element open source
www.groundwater.buffalo.edu/software/software.html
CZAEM analytic element freeware
www.epa.gov/ada/csmos/models/czaem.html
PhreFLOW analytic element open source
www.groundwater.buffalo.edu/software/software.html
3DFlow analytic element freeware
groundwater.ce.ksu.edu/
MODFLOW finite difference public domain
water.usgs.gov/nrp/gwsoftware/modflow.html
MODFE finite elements public domain
water.usgs.gov/software/modfe.html
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Figure 3: Genealogy of analytic element research program 1981-2003.
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4 Discussion

The analytic element research program in ground water modeling, while small
in size in comparison to finite element and finite difference research programs,
is still progressive after close to 25 years.

The finite element method dominates the publication record in the ground
water field. Perhaps this is because of the bias of the ISI database for journal
articles and the fact that there are more academic researchers working in finite
elements than in the other methods.

However, it is common understanding that the finite difference method
(e.g., MODFLOW) dominates the applied modeling field. The domination by
MODFLOW is likely due to a number of factors, including the US Geological
Survey sponsorship and quality assurance, the user community comfort with,
and understanding of, the finite difference method, and the rallying of the
ground-water modeling community behind a single standard.

The emergence of a single community solver in the AEM research commu-
nity has not happened. The fact that there are a number of solvers is not
necessarily a bad thing in the long run. While a single community standard
solver might translate into easier public adoption, the movement toward a sin-
gle standard might stifle innovation.

Each of the numerical methods has its strengths and weaknesses, and the
research programs will continue to improve (See Chapter 8.5 in Fitts [2002]).
The future may see the continued development of hybrid techniques, such as
embedding a finite difference grid within an infinite domain analytic element
model, or using finite differences to solve for transient flow within an analytic
element model. The finite element technique will likely continue to stand on
its own.

It is likely that the impact of the analytic element method on ground water
modeling will continue to grow. A new generation of researchers are now in
place as assistant professors in the universities, forming the protective belt of
Lakatos. However, unless the analytic element method meets the challenge
of solving new problems, such as transient flow and representation of highly
heterogeneous geology, the research program may begin to degenerate.
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[Janković, 2002] Janković, I. (2002). Flow and transport in highly heterogeneous
formations: high resolution large-scale numerical simulations. In Proceedings from
MODELCARE. IAHS.
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Etienne Cédex - France. Defense planned April 4th 2003.

[Lovett, 1995] Lovett, C. K. (1995). A wellhead protection study of a small agri-
cultural community in glaciated terrain as a model for wellhead protection efforts
by similar communities. PhD thesis, Western Michigan University (Chair: Alan
Kehew).

[Luther and Haitjema, 1998] Luther, K. and Haitjema, H. (1998). Numerical ex-
periments on the residence time distributions of heterogeneous groundwatersheds.
Journal of Hydrology, 297((1-2)):1–17. ISI times cited 2.

[Luther and Haitjema, 1999] Luther, K. and Haitjema, H. (1999). An analytic el-
ement solution to unconfined flow near partially penetrating wells. Journal of
Hydrology, 226:197–203. ISI times cited 2.

[Luther and Haitjema, 2000] Luther, K. and Haitjema, H. (2000). Approximate ana-
lytic solutions to 3d unconfined groundwater flow within regional 2d models. Jour-
nal of Hydrology, 229:101–117. ISI times cited 1.

19



[Luther, 1998] Luther, K. H. (1998). Analytic solutions to three-dimensional uncon-
fined groundwater flow near wells. PhD thesis, Indiana University-Bloomington
(Chair: Hendrick M. Haitjema). ISI times cited 2.

[Luther and Haitjema, 1997] Luther, K. H. and Haitjema, H. (1997). An analytic ele-
ment solution to unconfined flow near partially penetrating wells. In de Lange, W.,
editor, Conference Companion Part 2. Analytic-Based Modeling of Groundwater
Flow, pages 373–380, P.O. Box 6012, 2600 JA Delft, The Netherlands. Netherlands
Institute of Applied Geoscience TNO - National Geological Survey. conference held
07-10 April 1997, Nunspeet, The Netherlands.

[Maas, 1994a] Maas, C. (1994a). Formulation of dispersive transport for use in an-
alytical element models. In Wittman, J., editor, Proceedings of the International
Conference, Analytic Element Modeling of Groundwater Flow, Indianapolis, Indi-
ana, pages 125–128, Bloomington, IN. School of Public and Environmental Affairs,
Indiana University.

[Maas, 1994b] Maas, C. (1994b). On convolution processes and dispersive groundwa-
ter flow. PhD thesis, Delft Technical University (Chair: Prof. Wakker), Delft, The
Netherlands. ISI times cited 3.

[Maas, 1997] Maas, C. (1997). Dynamics of the groundwater table. In de Lange, W.,
editor, Conference Companion Part 2. Analytic-Based Modeling of Groundwater
Flow, pages 359–369, P.O. Box 6012, 2600 JA Delft, The Netherlands. Netherlands
Institute of Applied Geoscience TNO - National Geological Survey. conference held
07-10 April 1997, Nunspeet, The Netherlands.

[Macneal et al., 1994] Macneal, R. W., Robertson, S. W., and Barr, K. D. (1994). Gas
flow modeling using the analytic element method. In Wittman, J., editor, Proceed-
ings of the International Conference, Analytic Element Modeling of Groundwater
Flow, Indianapolis, Indiana, pages 113–118, Bloomington, IN. School of Public and
Environmental Affairs, Indiana University.

[Miller et al., 2000] Miller, R., Barnes, R., and Grand, P. L. (2000). A new look at
area sinks. In Strack, O. D., editor, Proceedings 3rd International Conference on
the Analytic Element Method in Modeling Groundwater Flow, Brainerd, MN USA.

[Minnema and van der Meij, 1997] Minnema, B. and van der Meij, J. (1997). Three-
dimensional density-dependent groundwater flow. In de Lange, W., editor, Con-
ference Companion Part 1. Analytic-Based Modeling of Groundwater Flow, pages
131–141, P.O. Box 6012, 2600 JA Delft, The Netherlands. Netherlands Institute
of Applied Geoscience TNO - National Geological Survey. conference held 07-10
April 1997, Nunspeet, The Netherlands.

[Mitchell-Bruker and Haitjema, 1996] Mitchell-Bruker, S. and Haitjema, H. (1996).
Modeling steady state conjunctive groundwater and surface water flow with ana-
lytic elements. Water Resources Res., 32(9):2725–2732. ISI Times Cited 3.

[Mitchell-Bruker, 1993] Mitchell-Bruker, S. M. (1993). Modeling steady state ground-
water and surface water interactions. PhD thesis, Indiana University-Bloomington
(Chair: Hendrick M. Haitjema).

[Mollah and Steward, 2000] Mollah, R. and Steward, D. (2000). Simulating the in-
terchange between surface water and groundwater through the unsaturated zone
using a one-dimensional steady model. In Strack, O. D., editor, Proceedings 3rd In-
ternational Conference on the Analytic Element Method in Modeling Groundwater
Flow, Brainerd, MN USA.

20



[Moorman, 1997] Moorman, J. (1997). Analytic element model analysis of the in-
fluence of different scenarios for the water level in a future retention basin, on
local and regional hydrology. In de Lange, W., editor, Conference Companion
Part 1. Analytic-Based Modeling of Groundwater Flow, pages 105–111, P.O. Box
6012, 2600 JA Delft, The Netherlands. Netherlands Institute of Applied Geoscience
TNO - National Geological Survey. conference held 07-10 April 1997, Nunspeet,
The Netherlands.

[Moorman, 1999] Moorman, J. (1999). Analytical element model analysis of the in-
fluence of different scenarios for the water level in a future retention basin. Journal
of Hydrology, 226:144–151.

[Moorman, 2000] Moorman, J. (2000). Comparison of the uncertainty of a manually
calibrated analytical element model with the uncertainty of the same model, cali-
brated automatically. In Strack, O. D., editor, Proceedings 3rd International Con-
ference on the Analytic Element Method in Modeling Groundwater Flow, Brainerd,
MN USA.

[Moorman, 1994] Moorman, J. H. (1994). Analysis of the hydrology of an area pre-
dominated by artificial surface water management using mlaem. In Wittman, J.,
editor, Proceedings of the International Conference, Analytic Element Modeling of
Groundwater Flow, Indianapolis, Indiana, pages 25–30, Bloomington, IN. School
of Public and Environmental Affairs, Indiana University.

[Mulder et al., 1997] Mulder, G., Taat, J., de Moissis, D., and van de Heuvel, M.
(1997). Mixing cell transport for aem flow: coupling of analytic element flow with
mixing cell transport by using groundwater flow for generation of cell network. In
de Lange, W., editor, Conference Companion Part 1. Analytic-Based Modeling of
Groundwater Flow, pages 263–272, P.O. Box 6012, 2600 JA Delft, The Netherlands.
Netherlands Institute of Applied Geoscience TNO - National Geological Survey.
conference held 07-10 April 1997, Nunspeet, The Netherlands.

[Olsen, 1995] Olsen, W. (1995). Modeling inhomogeneities in groundwater flow using
an interpolator. Master’s thesis, University of Minnesota, Dept of Civil Engineer-
ing, Twin Cities.

[Olsen, 2000] Olsen, W. (2000). Exact solution for an elliptical inhomogeneity with
a well. In Strack, O. D., editor, Proceedings 3rd International Conference on the
Analytic Element Method in Modeling Groundwater Flow, Brainerd, MN USA.

[Olsthoorn, 1999] Olsthoorn, T. (1999). A comparative review of analytic and finite
difference models used at the amsterdam water supply. Journal of Hydrology,
226:139–143.

[Olstoorn, 1997] Olstoorn, T. (1997). When did we use finite elements, finite dif-
ferences or analytic elements at the amsterdam water supply? In Conference
companion Part 1. Analytic Element Modeling of Groundwater Flow.

[Oswald and Jones, 1994] Oswald, J. and Jones, P. (1994). The use of analytical ele-
ment modeling in the assessment of wellhead protection zones in mining regions. In
Wittman, J., editor, Proceedings of the International Conference, Analytic Element
Modeling of Groundwater Flow, Indianapolis, Indiana, pages 77–81, Bloomington,
IN. School of Public and Environmental Affairs, Indiana University.

[Pennings, 2000] Pennings, R. (2000). The singular behavior near the endpoint of a
semi-confining boundary in the vertical plane. In Strack, O. D., editor, Proceed-

21



ings 3rd International Conference on the Analytic Element Method in Modeling
Groundwater Flow, Brainerd, MN USA.

[Power, 1990] Power, B. (1990). Estimation of aquifer parameters for use in the
analytic element method. Master’s thesis, University of Minnesota-Twin Cities,
Dept. of Civil Engineering. ISI times cited 1.

[Power and Barnes, 1993] Power, B. and Barnes, R. (1993). Model calibration tech-
niques for use with the analytic element method. Ground Water, 31:91–97. ISI
times cited 1.

[Power, 1994] Power, B. F. (1994). Model parameter estimation techniques for an-
alytic element models. In Wittman, J., editor, Proceedings of the International
Conference, Analytic Element Modeling of Groundwater Flow, Indianapolis, Indi-
ana, pages 143–149, Bloomington, IN. School of Public and Environmental Affairs,
Indiana University.

[Raghavan, 2002] Raghavan, V. (2002). A comparison between gradient-based and
heuristic algorithms for inverse modeling of two-dimensional groundwater flow.
Master’s thesis, University at Buffalo-State University of New York, Dept. of Civil,
Structural, and Environmental Engineering.

[Ranganathan, 2002] Ranganathan, G. (2002). Analytic-based solution for three-
dimensional groundwater flow with a well. Master’s thesis, University at Buffalo-
State University of New York, Dept. of Civil, Structural, and Environmental En-
gineering.

[Ring, 1994] Ring, T. (1994). Analytic element modeling on the yakima indian reser-
vation: applications to water management and protection. In Wittman, J., editor,
Proceedings of the International Conference, Analytic Element Modeling of Ground-
water Flow, Indianapolis, Indiana, pages 37–40, Bloomington, IN. School of Public
and Environmental Affairs, Indiana University.

[Salisbury, 1992] Salisbury, M. (1992). Control equation formulation for circular in-
homogeneities in the analytic element method. Master’s thesis, Univ. of Minnesota-
Twin Cites, Dept. of Civil Engineering.

[Salisbury and Barnes, 1994] Salisbury, M. L. and Barnes, R. J. (1994). Control equa-
tion formulation for circular inhomogeneities in the analytic element method. In
Wittman, J., editor, Proceedings of the International Conference, Analytic Element
Modeling of Groundwater Flow, Indianapolis, Indiana, pages 157–161, Blooming-
ton, IN. School of Public and Environmental Affairs, Indiana University.

[Seaberg and Hansen, 2000] Seaberg, J. and Hansen, D. (2000). Modeling regional
inter-aquifer leakage in the twin cities metropolitan groundwater model. In Strack,
O. D., editor, Proceedings 3rd International Conference on the Analytic Element
Method in Modeling Groundwater Flow, Brainerd, MN USA.

[Seaberg et al., 1997] Seaberg, J., Hansen, D., Block, B., Streitz, A., and Bakker,
M. (1997). Development of a regional groundwater flow model for the twin cities.
In Conference Companion Part 1. Analytic Modeling of Groundwater Flow, pages
58–75, P.O. Box 6012, 2600 JA Delft, The Netherlands. Netherlands Institute of
Applied Geoscience TNO - National Geological Survey.

[Seaberg and Vogan, 1994] Seaberg, J. K. and Vogan, J. L. (1994). Use of analytic
element groundwater flow modeling to evaluate funnel-and-gate technology for in-
siture groundwater remediation. In Wittman, J., editor, Proceedings of the Interna-
tional Conference, Analytic Element Modeling of Groundwater Flow, Indianapolis,

22



Indiana, pages 47–53, Bloomington, IN. School of Public and Environmental Af-
fairs, Indiana University.

[Spiller et al., 2000] Spiller, M., Hamelmann, W., Demny, G., Ababou, R., and
Kongeter, J. (2000). Modeling flow in heterogeneous single fractures using aem.
In Strack, O. D., editor, Proceedings 3rd International Conference on the Analytic
Element Method in Modeling Groundwater Flow, Brainerd, MN USA.

[Steward, 1998] Steward, D. (1998). Stream surfaces in two-dimensional and three-
dimensional divergence-free flows. Water Resources Research, 34(5):1345–1350. ISI
times cited 6.

[Steward, 1999] Steward, D. (1999). Three-dimensional analysis of the capture of
contaminated leachate by fully penetrating, partially penetrating, and horizontal
wells. Water Resources Research, 35:461–468. ISI times cited 7.

[Steward, 2001] Steward, D. (2001). A vector potential for a partially penetrating well
and flux in an approximate method of images. In Proceedings of The Royal Society
of London Series A- Mathematical Physical And Engineering Sciences, volume 457,
pages 2093–2111. ISI times cited 1.

[Steward, 2002] Steward, D. (2002). A vector potential and exact flux through sur-
faces using lagrange and stokes stream functions. In Proceedings of The Royal
Society of London Series A- Mathematical Physical And Engineering Sciences, vol-
ume 458, pages 489–509.
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